An analogue of the exponential generating function for derangement numbers in the symmetric group algebras is introduced. It leads to n mutually orthogonal idempotents in the group algebra of the symmetric group Sn, for all n. The corresponding representations of Sn have dimensions equal to the number of permutations with given number of ÿxed points. They are closely related to the higher Lie representations of Sn. As a consequence, new proofs are obtained for a number of results on derangement numbers due to DÃ esarmÃ enien, Gessel, Reutenauer and Wachs.
Introduction
Let n be a positive integer. If we denote by D n; k the set of all permutations in the symmetric group S n with exactly k ÿxed points and by d n; k its cardinality, for all 06k6n, we have n! = n k=0 d n; k = n k=0 n k d k; 0 :
By inclusion=exclusion, this leads to the well-known exponential generating function n¿0 d n n! t n = e −t 1 − t
for the number d n := d n; 0 of derangements in S n , that is, the number of permutations in S n without ÿxed points. The starting point of this paper is an analogue of (2) in the symmetric group algebras. It leads to n orthogonal idempotents n; k , k ∈{0; 1; : : : ; n − 2; n}, in Solomon's descent algebra D n (Main Theorem 2.1). The representations of the symmetric group S n arising from these idempotents have dimensions equal to the numbers d n; k , k ∈{0; 1; : : : ; n−2; n}, while d n; n−1 = 0. By means of a simple, but useful observation on idempotents in the group algebra of S n in general (Lemma 3.1), it is shown that the corresponding derangement characters coincide with those characters analyzed in [4, 8, 15] . As all characters which arise from idempotents in D n , they are closely related to the higher Lie representations of S n (Lemma 4.1). This is the link to the results on derangement numbers in [3, 4, 8, 20] , some of which occur again in this paper. In particular, we obtain a short derivation of a well-known formula for the q-derangement numbers (Theorem 4.5). Our approach makes extensive use of the bialgebra structures on the direct sum of all descent algebras D n , n¿1, and of all rings of class functions of S n , n¿1. Some of the basic facts concerning this are shortly summarized in the ÿrst section for this reason.
Two bialgebras
Let N (N 0 , resp.) be the set of all positive (nonnegative, resp.) integers and n := {k ∈N | k6n} and n 0 := n ∪{0} for all n∈N 0 . We denote by N * a free monoid over the alphabet N. A word q = q 1 · · · q k ∈N * of length |q| := k is called a composition of n (q |= n), if q 1 + · · · + q k = n. If, additionally, q is non-increasing, we say that q is a partition of n (q n). Furthermore, we denote by m (q) the number of occurrences of the letter m in q, for all m ∈N.
Let K be ÿeld of characteristic 0 and Cl K (S n ) be the K-algebra of class functions of S n . The character theory of the symmetric groups may then be described elegantly by means of a (commutative) bialgebra structure on the direct sum
(see [7] ). Herein, the outer product • on C corresponds to the ordinary multiplication of symmetric functions via Frobenius' characteristic map. A second inner product on C arises from the Kronecker product of class functions and turns (3) into an ideal decomposition of C. Let KS n be the group algebra of S n over K for all n ∈N 0 . Then a noncommutative analogue of the bialgebra C may be introduced on the direct sum
(see [9] ). Herein, the outer product • on KS is the convolution product (see [17] ).
A second inner product on KS arises from the ordinary multiplication of permutations and, again, turns (4) into an ideal decomposition of KS. Let n := id n ∈S n and q := q1 • · · · • q k for all n ∈N 0 , q = q 1 · · · q k |= n. Let P q i := q 1 + · · ·+ q i−1 + q i for all i ∈k . Then q is the sum of all permutations ∈S n such that | P q i is nondecreasing for all i ∈k [17, Lemma 3.13, Corollary 9.12]. In particular, 1 n is the sum of all permutations ∈S n . Furthermore, the sub-bialgebra D of KS with K-basis { q | q ∈N * } is the direct sum of all descent algebras Solomon [19] in the more general context of Coxeter groups. For the coproduct ↓ on D we recall that
for all n ∈N 0 . Solomon discovered that D is also an inner sub-algebra of KS. More precisely, he showed that
for all n ∈N, q; r |= n, where m r q (s) is the number of matrices over N 0 whose row (column, resp.) vectors sum up to q (r, resp.) and whose row word is s. The row word of a matrix M is obtained by reading o the entries of M , row by row, from top to bottom, and canceling the 0's. Furthermore, Solomon deÿned an epimorphism c : D → C for the inner product such that, for all n ∈N, q |= n, q := c( q ) is the Young character of S n corresponding to q. This character may be obtained by inducing the trivial character of a Young subgroup of type q to S n . In particular, 1 n = c( 1 n ) is the regular and n = c( n ) is the trivial character of S n .
It turns out that c is also a homomorphism for the bialgebra structures on D and C described above [9, Lemma 6.21]. Following [9] , we deÿne a scalar product on KS by
for all permutations , , and bilinearity. The crucial point now is that, for all '; ∈D, we have [9, Lemma 6.21]
where the scalar product on C on the right hand side is the canonical orthogonal extension of the ordinary scalar products (· ; ·) Sn , n ∈N 0 . Additionally, we have the reciprocity law [9, Satz 3.4]
for all '; ; ! ∈D.
Derangement idempotents
Bearing in mind (2) and the preparations of Section 1, we deÿne a series : N 0 → KS by n¿0 n t n = exp(− 1 t) • n¿0 n t n ;
that is, for all n ∈N 0 ,
by (2), where m( ) := max{i ∈n − 1 | i ¿(i + 1) } − 1 for all ∈S n , = id n . Now exp( 1 t) • n¿0 n t n = n¿0 n t n and therefore n k=0 n; k = n
for all n∈N 0 , where n; k := 1=k! 1 k • n−k for all k ∈n 0 . In particular, we have n; n−1 = 0 for all n. Surprisingly, the elements n; k are pairwise orthogonal idempotents, as will be shown below. For convenience, for all n ∈N 0 , k ∈n 0 , we use the notations n; k := 1 k (n−k) and char n; k for the characteristic function of D n; k in Cl K (S n ).
Main Theorem 2.1. Let n ∈N. The linear span F n of the elements n; k , k ∈n 0 , is an n-dimensional commutative sub-algebra of D n , and
is a K-basis of F n consisting of mutually orthogonal idempotents. Furthermore, by restriction, c induces an isomorphism of F n onto the linear span Cl K (S n ) f of the elements char n; k , k ∈n 0 . More precisely, we have c( n; k ) = char n; k for all k ∈n 0 .
Note that other n-dimensional sub-algebras of D n have been studied in [12, 16] .
Proof. Let k; j ∈n 0 and r := 1 k (n − k); q := 1 j (n − j) ∈N * . By (6), we have n; k n; j = s|=n m r q (s) s :
But, for any s = s 1 · · · s l+1 |= n, the assumption that m r q (s) = 0 implies that s 1 = · · · = s l = 1, s l+1 = n − l and hence m r q (s) = ( j l−k )( k l−j )(j + k − l)!, as may be seen easily. Thus F n is a commutative sub-algebra of D n with K-basis { n; k | k ∈n − 1 0 }. The deÿnition (9) implies that exp(q 1 ) • n¿0 n t n = exp((q + t) 1 ) • n¿0 n t n ;
where q is a second variable. Collecting the terms of q-degree k and of t-degree n − k, for n ∈N 0 and k ∈n 0 , we obtain 1 k! n; k = n l=k l k n; l :
Hence { n; k | k ∈n 0 ; k = n − 1} is also a K-basis of F n . Now, for all k ∈n 0 , q n, the value of 1 k (n−k) on the conjugacy class C q of S n corresponding to q is given by
Comparing this with (11), we may conclude that indeed c( n; k ) = char n; k for all k ∈n 0 and that c| F n is bijective onto Cl K (S n ) f . Finally, the elements char n; k , k ∈n 0 , are mutually orthogonal idempotents, and so are the n; k via c. This completes the proof.
Derangement characters
Let n ∈N and e = ∈Sn c ∈KS n be an idempotent. We denote by e the character of the S n -module eKS n and by C q the conjugacy class of S n corresponding to q, for all q n. Due to Frobenius [6] , the value of e on any element of C q is then given by e (C q ) = n!=|C q |(e; C q )
for all q n, where we used the notation A = ∈ A for all A ⊆S n . In particular, we have dim eKS n = e (1) = n!(e; n ). Hence, for the character ' n; k corresponding to the S n -module n; k KS n , we obtain ' n; k (1) = d n; k by (2), (5), (8) and (9) . Particularly, for ' n := ' n; 0 , we obtain ' n (1) = d n . Furthermore, n k=0 ' n; k = 1 n
is the regular character of S n , by (10) . In order to analyze the derangement characters ' n , n∈N 0 , we recall a combinatorial description of the convolution product • on KS. Let n; m∈N. For ∈S n , ∈S m , we deÿne a permutation # ∈S n+m by putting
(i − n) + n if i¿n for all i ∈n + m. By bilinearity, we obtain a product # on KS such that, for all ' ∈KS n , ∈KS m , we have
This may be derived easily from [ (5) and (8), it follows that ( • ÿ; n+m ) = ( ⊗ ÿ; n+m ↓) = ( ; n )(ÿ; m ) = ( #ÿ; n+m ) and hence dim( • ÿ)KS n+m = dim( #ÿ)KS n+m , by (13) .
Based on the preceding lemma, with sgn n ∈Cl K (S n ) denoting the sign character of S n for all n ∈N, we obtain:
For all n∈N, k ∈n 0 , we have ' n = n j=0 (−1) j sgn j • 1 n−j (16) and ' n; k = k • ' n−k :
Proof. The element 1=k! 1 k of D k is idempotent and corresponds to the trivial character k of S k , for all k. Hence, as n; k = (1=k! 1 k ) • n−k , the second identity is immediate from Lemma 3.1, and we get n¿0 n q n • n¿0 ' n q n = n¿0 1 n q n by (14) . As is well known, n¿0 (−1) n sgn n q n • n¿0 n q n = 1 [13, Equation (2:6 )] and hence n¿0 ' n q n = n¿0 (−1) n sgn n q n • n¿0 1 n q n :
This proves the ÿrst identity.
The Frobenius characteristic of (16) already occurred in [4, 8] . In particular, it is interesting to compare the proof of the preceding corollary with the proof of Theorem 8.1 in [8] . Details concerning this will be given in Section 4. Denoting by % n the order-reversing involution in S n , for all n, we observe that % n ∈D n and c(% n ) = sgn n . Let K n be the set of all ∈S n whose smallest local minimum is even. Then (16) may be restated as follows. 
In particular, d n = |K n |.
Proof. The ÿrst identity is immediate from (16) . But, for all k ∈n 0 , the element % k • 1 n−k is the sum of all permutations ∈S n such that 1 ¿2 ¿ · · · ¿k , by (15) . Hence K n = n k=0 (−1) k % k • 1 n−k , which shows the second identity. In particular, we may deduce that d n = ' n (1) = (' n ; 1 n ) Sn = (K n ; 1 n ) = |K n |:
The set K n was introduced by DÃ esarmÃ enien, who proved the identity d n = |K n | by means of a beautiful bijection [3] . For all k ∈n 0 , we have sgn k • 1 n−k = sgn n k1 n−k . Hence, by (2), (12) and (16), we obtain additionally ' n (C q ) = (−1) |q|− 1 (q) d 1 (q) (19) for all partitions q of n. In other words, up to a sign character, ' n is itself an element of Cl K (S n ) f , the c-image of F n . For all partitions p, q such that q ⊆p, we denote by st p=q the number of standard tableaux of skew shape p=q and by p the irreducible symmetric group character corresponding to p. Then applying Young's rule, we obtain from (16) (' n ; p ) Sn = n j=2 (−1) j st p=1 j :
The right hand side is easily seen to be the number of standard tableaux t of shape p such that the (1; 2)-entry of t is odd, as was mentioned already in [14] .
The connection with higher Lie characters
In [1] , a K-basis of D n was introduced consisting of idempotents q , q |= n, such that r q = r whenever q is a rearrangement of r (q ≈ r). The character q = q is called the higher Lie character of S n corresponding to q, and we have q = r for q ≈ r. (for details, see [10] ). The higher Lie characters are strongly connected with Solomon's descent algebras, as, for example, the following result shows. where the sum ranges over all p n such that c(e)(C p ) = 0.
Proof. For any p n, q |= n such that p ≈ q, the c-image of q is the characteristic function char p of C p in Cl K (S n ) [2, Proposition 1.8]. Hence r q ∈Kern c if q ≈ r. Furthermore, if we denote by · : D n → D n =Kern c| Dn the canonical epimorphism, we may conclude that { p | p n} is a K-basis of D n consisting of mutually orthogonal idempotents. Now choose k q ∈K for all q |= n such that e = q|=n kand letk p = q≈p k q for all p n. Then we obtain c(e) = p nk p char p and e = p nk p p , by (13) . As e = p nk p p is idempotent, it follows thatk 2 p =k p and hencek p ∈{0; 1} for all p n, which completes the proof.
As c( n; k ) = char n; k , by the Main Theorem 2.1, we obtain: By linearity, we extend any class function of S n to KS n . Then the preceding corollary yields the following consequence for character values of higher Lie characters. Proof. The higher Lie characters have the remarkable symmetry property
for all p; q n ( [18] , see also [10] ). It follows that
which proves our claim, by (19) .
A similar, but somewhat more complicated formula based on the character values of ' n; k , k ∈n, may be found for q (D n; k ).
J ollenbeck and Reutenauer [10] showed that the symmetry of the Lie table (20) implies that (C p ; ) = ( p ; c( )) Sn
for all p n, ∈D n . This result is due to Gessel and Reutenauer [8] , who used it for a di erent approach to Corollary 4.2 and (16) (ibd., Theorem 8.1), see also [14] . Let D( ) := {i ∈n − 1 | i ¿(i + 1) } be the descent set of for all ∈S n . Then the elements D := D( )=D , D ⊆n − 1, form another K-basis of D n [19] . By (21), Corollary 4.2, (18) and (7), we may conclude that, for all D ⊆n − 1, (D n ; D ) = (' n ; c( D )) Sn = (K n ; D ); that is Corollary 4.4. Let n ∈N and D ⊆n − 1. The number of derangements ∈S n whose inverse descent set D( −1 ) is D is equal to the number of permutations ∈S n whose smallest local minimum is even and whose inverse descent set D( −1 ) is D.
This result is due to DÃ esarmÃ enien and Wachs [4] . Bijective proofs also appear in [5] . Now, ÿnally, recall that the major index of ∈S n is deÿned by maj := i∈D( ) i and that d n (q) = ∈Dn q maj is called q-derangement number corresponding to n. We give a new proof of Here, as usual, we used the notations [n] = 1 + q + · · · + q n−1 and [n]! = [1][2] · · · [n] for the q-factorial. For other proofs of Theorem 4.5, see [8, 20] .
Proof. Let Ä n (q) = ∈ Sn q maj ∈D n [q]. Then we have d n (q) = (D n ; Ä n (q)) = (' n ; c(Ä n (q)) = n k=0 (−1) k (% k • 1 n−k ; Ä n (q)) by (18) . In [11, Section 6.2], it is shown that Ä n (q) ↓ = n j=0 n j Ä j (q) ⊗ Ä n−j (q);
where [ n j ] = [n]!=[j]![n − j]!. Hence, using ∈ Sn q maj = [n]! and (8), we obtain for all k ∈n 0 (% k • 1 n−k ; Ä n (q)) = n j=0 n j (% k ⊗ 1 n−k ; Ä j (q) ⊗ Ä n−j (q)) = n k (% k ; Ä k (q))( 1 n−k ; Ä n−k (q)) = n k q ( k 2 ) [n − k]!;
which proves the theorem.
